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Preface

The primary purpose of this paper was to medify &u air-
to-air missile model used by the Cruise Missile Independent
Survivability Team (CMIST) of the Aeronautical Systems
Division (ASD). The model did not have incorporated within
it, data pertinent to the cruise missile. The modification,
integrated the required data into the model so that the
model could be used to evaluate an air-to-air missile's
performance against the cruise misgsile.

The model itself utilizes a hypercomplex number algebra
which avoids usage of direction cosine matrices and enables
real time of flight output. Prior to the completion of this
thesis, no adequate documentation existed that explained the
aigebra used and its translation into computer code. Bits
and pieces were gathered together and combined into the
appendices of this work, which should prove helpful in
understanding the model.

I wish to thank Captain Aaron DeWispelare for his
encouragement and help in completing this work. I also wish
to thank Molly Bustard, my favorite librarian, who consis-
tently provided a bright spot during many a dreary day these
last eightean months. I must also acknowledge Bob and Diane
Turelli, who provided an escape from the academic grind when
it was needed, and finally my mother, sister and her family

who gave me the moral help I needed to complete my studies.
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Abstract

The air-to-air missile model used by the Cruise Missile
Independent Survivability Team did not contain data useful
to the cruise missile. The objective of this study was to
modify the subroutine SIGNAL in the model to incorporate
the cruise missile data. The modification required an
understanding of quaternion algebra utilized within the
model to represent three—-dimensional motion. These guater-
nions allow real time outputs f£rom the model for use by
tactical ranges. The study contains a discussion of qua-

ternions and their algebra.

vi'i



I Introduction

Problem Statement

The Cruise Missile Independent Survivability Team
(CMIST) obtained the computer model of the air-to-air misg-
sile performance package utilized in the ACEVAL/AIMVAL pro-
gram. The model involves a new technique of repres«nting
the mechanics of the air-to-air missile's flight by using
quaternions.

The hypercomplex quaternions were not used regularly
in a computer at the Aeronautical Systems Division. Major
Ken Madsen (CMIST) expressed a desire for an analysis of
how guaternions are utilized in the model to be able to make
future changes if necessary. 1In addition, he requested a
modification to the infrared signature subroutine (SIGNAL)
which would incorporate infrared data generated for the

cruise missile and not currently in the model.

Background

In 1843 Sir William Rowan Hamilton developed a new
algebra of quadruples of numbers which he named quaternions.
His concept was intended to represent motion in three-space,
predating the familiar vector methods of J. Willard Gibbs.
Hamilton's quaternion theory, although the foundation of
vector algebra, was from the viewpoint of the student of
mathematical physics, a confusing mixture of scalars and
vectors. The vector which represented three-dimensional
moticn seemed to play a servile role as part of the guatern-

ion. The real power of the quaternion, however, came from

1



the vector aspects of the algebra which was later extracted
by J. Willard Gibbs. Gibbs simplified the quaternion meth-
ods of Hamilton and originated the vector analysis techniques
that we are familiar with today (Ref 3).

Because the concept.of a three-dimensional vector was
more acceptable than the hypercomplex quaternion (Ref 9),
vector algebra, a subset of quaternion algebra, was adocpted
by the mathematical community to describe three-dimensional
motion. With the advent of recent computer missile simula-
tions, however, different computational methods were
required to reduce the ccmputation times to the real times
of flight. To accomplish this, the concept of quaternion
algebra was resurrected and found capable of not only reduc-
ing computation time but also storage space normally required

by the nine element direction cosine matrices.




II Subroutine SIGNAL

The missile model obtained by CMIST was designed to
work with actual launch and target aircraft in mock combat
on a controlled range. While the aircraft maneuver, data
is relayed to a range computer by telemetry pods. The com-
puter tracks and stores their flight profiles and also does
real time missile launch calculations using the missile
model to determine if a hit or miss is achieved.

The missile model acquired by CMIST was to do some
effectiveness studies of several air-to-air missiles against
the cruise missile. The model, however, did not contain
the required data to calculate the infrared signal generated
by the cruise missile and could not be used until the data
was incorporated into the model.

The infrared signal is calculated within the model in
a subroutine called SIGNAL. The subroutine then uses the
approximation assumption of the basic model that the signal
strength is directly proportional to the maximum line of
sight tracking rate. Utilizing this assumption, the sub-
routine compares the calculated signal to several threshold
values to determine if the strength of the signal is adagquate
for the gimbaled seeker head to track the target aircraft at
the calculated line of sight rate.

The modification proposed not only involved the incor-
poration of the infrared data, but also required a redefi-
nition of the line of sight reference. This involved deter-

mining the iine of sight in the target coordinate system by

means discussed in the Methodology.
3




III Methodology

Two major problems were encountered in the modification
of the CMIST missile model. First, the model did not uti-
lize standard directicn cosine coordinate transformations,
an accepted technique to represent spatial relationships
ameng several coordinate systems, in SIGNAL. Secondly, the
method employed by SIGNAL involved hypercomplex quaternions
which are foreign to many encginearing students. (The
interested reader will find a discussion of quaternion
development and their properties in Appendix A.) This sec-
tion discusses the relative merits of direction cosines and
guaternions, with a justification for the methodology selec-

ted.

Direction Cosines

Direction cosines have been the accepted engineering
technigque to represent spatial relationships among several
coordinate systems. They are relatively easy to use
because direction cosines follow the rules of conventional
vector algebra and can be stored in a computer as clements
of an array. A vector can then be defined in another coor-
dinate system by utilizing the array as a directional cosine
matrix and using matrix multiplication to transform the vec-
tor coordinates. For example, the vector X will be redefined
in some primed coordinate system by multiplying it by the
Direction Cosine Matrix (DCM) which links the unprimed coor-

dinate system to the primed system
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X(DCM) = X' .

Direction cosines, although familiar and relatively
easy to use on a computer also have several disadvantages.
These consist of

1) Each matrix requires a nine element stcrage allo-

cation.

2) Trigonometric functions are required to form the

elements.

3) Many multiplications of the elements must be per-
formed in a proper order.
The direction cosine method would result in a major rewrite
of the subroutine SIGNAL but would enable a familiar engi-

neering method to be employed.

Quaternion Method

The quaternion method employed by the model derives a
quaternion to relate one coordinate system to another. This
methodology is discussed in Appendix B. The gquaternion g

then operates on a vector X converting it to X' by

Tl %q

where q * is the inverse of g. (The interested reader is
again referred to Appendix A.)

Quaternions consist of only four elements and thus are
advantageous over direction cosines since they require fewer
arithmetic operations and less storage space. The disadvan-

tage of quaternions is the requirement of understanding their

unique properties and operating rules.
5



Selection

To aveid a major revision of the computer code, guater-
nions were selected to modify SIGNAL. First, quaternions
did not require a conversion of the vectors from the gua-
ternion factored format into the conventional format used by
direction cosines. Seccndly, after the operations were com-
pleted the resulting vectors would have to be reconverted to
the factored format used by the rest of the program. Fin-
ally, the construction of direction cosine matrices could
be avoided alcng with a dimensioning of their storage space.
Quaternions were perceived to be the way to go because their

methods would have to be understood in either case.



W Modification of SIGNAL

Data Incorporation

The modification of the subroutine was to incorporate
the infrared data supplied by CMIST. The data used was
generated by a computer program into a set of data points
at various azimuths and elevations about the cruise missile.
This data was then incorporated into several arrays which
served as a tabulated reference, the idea being to enter an
array with an appropriate range and angle off from the tar-
get and be able to select the relative infrared signal

strength.

Coding

The principal problem in obtaining the infrared signal
was to convert the missile seeker line of sight to the tar-
get coordinate system so the tabulated dafa could be used.
The range vector is defined in the universal cooriinate
system. This same vector in the qu:ternion factored format

is:
T = (r; +k2i .
A gquaterniocn q, which relates the universal ccoordinate sys-

tem to that of the target coordinate system is used to

redefine T in the target system by

q-l rq .

The interested reader is referred to the methods of Appendix B.



With the range vector defined in target coordinates, the
relative position of the seeker line of sight in azimuth and
elevation can be determined. With this relative position,

a data point can be computed from the arrayed information.
Using this data point, the received signal strength is
reduced by a factor of one over the range squared. Upon
determination of the strengtii of the received signal, the
program reverts to the original line of sight rate tolerance

calculations and the simulatiun <oantinues.

Validation

The moaification to SIGNAL was validated by comparing
the infrared signature output of the 0ld model with that of
the modified routine. To accomplish this, the function
which formerly computed the infrared signal based upon
aspect angle and range was extracted from the original
model. Using this extracted function, a series of data
points were generated to £fill the azimuth and elevation data
arrays used by the modified routine. Once the arrays were
filled, infrared signal strengths were generated using both
models for various aspects and ranges of three, six and

nine thousand feet.

01ld Model

The original infrared data generating function used in
the old model, utilized data generated for a particular air-
craft by the Navy at China Lake. This data was plotted inte
several cardioid shaped curves {Figure 1) which varied in

size as a function of range and altitude. A function was
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fit to these curves for different aspects with parameters
of atmospheric attenuation, range and the cosine of the
aspect angle. The old model used this functional format to
determine the infrared signal. A unique feature of this
function was that the output was in the form of decibels
which are called Phasey dB's. The data supplied by China
Lake was in decibels formed by taking the natural logarithm
of the signal and multiplying it by a factor of ten rather
than the standard method of ten times the logarithm (base 10)
of the signal. The model uses these Phasey dB's in all of
its signal comparisons, something to be aware of when try-

ing to follow the logic.

Comparing Results

Once the old infrared function was understocod, data
points were generated for 1000, 5000 and 13,000 feet ranges
at various aspects and elevations. These data points {(in
watts/steradian) were next inserted into the azimuth and
elevation arrays utilized by the modified routine. (The
interested reader is referred to Appendix D.)

Once both infrared routines were set up using informa-
tion based upon the same aircraft, a comparison set of data
was generated by both methods to determine the accuracy of
the new infrared routine. The results are as shown in
Table I.

Some typical launch ranges for an IR missile at various
aspects in the rear hemisphere of the target (180° being a

direct tail shot) were selected. A comparison of the old

10




and new IR signature routines shows that the new model var-
ies at most by less than two—-and-one-half percent from the

cld and that at an extreme aspect angle.

TABLE I

Comparison of 0ld and New Models

IR Signal
(Phasey dB) %
Range Aspect 0ld New Difference
3,000 180 102.8 103.4 0.6
6,000 180 87.9 88.0 0.1
9,000 180 79.1 79.4 0.3
3,000 170 104.2 103.6 0.6
6,000 170 89.0 87.7 1.5
9,000 170 80.0 78.9 1.4
3,000 165 102.7 103.7 1.0
6,000 165 87.3 87.5 0.2
9,000 165 78.3 78.7 0.5
3,000 150 98.0 99.2 1.2
6,000 150 T 82.2 82.5 0.4
9,000 150 73.0 73.5 0.7
3,000 140 94.6 95.8 1.3
6,000 140 78.7 78.7 0.0
9,000 140 69.3 69.6 0.4
3,000 135 92.9 94.3 1.5
6,000 135 76.8 77.1 0.4
9,000 135 67.3 67.9 0.9
3,000 120 87.2 88.8 1.8
6,000 120 70.7 71.1 0.6
9,000 120 61.0 61.6 1.0
3,000 105 83.1 84.9 2.2
6,000 105 66.3 66.7 0.6
9,000 105 56.4 57.1 1.2
3,000 90 82.6 84.6 2.4
6,000 90 65.5 65.9 0.6
9,000 90 55.4 56.1 1.3

11



Vv Summarv and Conclusions

Quaternions, although initially appearing to be a com-
bination of 3 vector and a scalar, possess several desirable
properties when compared to conventional vector methods.
These properties have been applied in a missile model which
has been acquired by the CMIST branch at ASD. The model
was obtained to evaluate several air-to-air missiles against
2 cruise migsile target.

To use the model, data which represent the cruise mis-
sile characteristics had to be incorporated. This required
a working knowledge of some of the internal mechanics of the
model and how the quaternions were utilized. A working kaow-
ledge of the model's architecture and coding was also required
to modify the subroutine SIGNAL which would take infrared data
supplied by CMIST and integrate it with the existing model.
This research accomplished the incorporation of the required
data and compared the results with the infrared data gener-
ating function which the model has originally incorporated.

The most significant result of this research was the
modification to the subroutine SIGNAL and a greater
detailed description of how guaternions are used in the model
than available in the documentation. The modification of
SIGNAL saved the Air Force from contracting the work out and
is currently capable of generating the required data to com-
plete an evaluation of the cruise missile. Also, utilizing
the detailed description of the computer code along with the
description of how it applies to the quaternions, further

modifications should be possible if necessary in the future.




Bibliography

1. Birkhoff, Garrett and Saunders MacLane. A Survey of
Modern Algebra (Revised Edition). New York: The Mac-
millan Company, 1953.

2. Brand, Louis. Vector and Tensor Analysis. New York:
John Wiley and Sons 1inc., 1947.

3. Crowe, Michael J. A History of Vector Analyvsis: The
Evolution of the Idea of a Vectorial System. Notre
Dame: University of Notre Dame Press, 1967.

4. Eisenman, Richard L. Matrix Vector Analysis. New
York: McGraw-Hill Book Company, Inc., 1963.

5. FPirst Ann Arbor Corporation. Navy ACMR/I Missile Simu~
lations Volume I. Ann Arbor, Michigan: 1975.

6. Hudson, Richard D., Jr. Infrared Systems Engineering.
New York: John Wiley and Sons, 1969.

7. Relland, P. and P. G. Tait. Introduction to Quatern-
ions. London: Macmillan and Company, 1873.

8. Wills, A. P. Vector Analysis with an Introduction to
Tensor Analysis. New York: Prentice~Hall Inc., 1931.

9. Yaglom, I. M. Complex Numbers in Geometry. New York:

Academic Press, 1968.




Appendix A

Quaternions

Initial Development

Quaternions are specified using four real parameters,
a scalar and three other units i, j and k. The four param-
eters specify the properties that a quaternion possesses
when it acts as an operator. These properties allow for the
rotation of a line vector through a given angle about an axis
through its origin and a stretching of the vector by a given
ratio. Of the four parameters; two are required to specify
the axis of rotation, one to specify the angle of rotation
and one to specify the ratio of stretch (Ref 8).

A quaternion g can be expressed in the form
I = gyt 93t +gy] + g3k .
Thus it consists of two parts, a scalar d, and a vector
9 = qi+qyj + qzk
where d;r 95 and q, are the rectangular Cartesian coordinates
of a point P and i, j, k represent unit vectors in the posi-
tive direction of the x, y and z axes, respectively. The vec-
tor defines a line-vector from the origin O to the point P

(Ref 8).

Two quaternions g and q' are defined to be equal if (Ref 2)

q = gy + gyl + qy) + 93k

q' = gj + qi+ gy + a3k




and gy =gy .9 =aj o9y~ 9pandd;=ay .
There also exists a zero gquaternion (Ref 2)
0 + 0i + 03 + 0Ok or simply (0,0,0,0)
such that
q + (0,0,0,0) = g5+ qi+q,j+aqgk = q.

Two quaternions are added by adding their scalar parts
and the vorresponding coefficients of their vector parts

(Ref 2)
q+q' = (qo+q6) + (ql+qi)i + (q2+qé)j + (q3+qé)k .

Thus the sum of two quaternions is also a quaternion.

For any scalar A a quaternion can be defined (Ref 2)
Ag = A(qo + qli + qy + qgk)
= Aqo + qui + quj + Aqsk .
Also for A = -1
(-llg = -q; - q;1 - g,) - g3k
and
q + (-1)q' = (g4=qy) *+ (g;-qj)i + (a,-q))F + (a3-qalk .

So, quaternions obey the algebraic laws of addition and

scalar multiplication (Ref 2).

15



It can also be shown that for any quaternions », q and

r and any scalars u and A (Ref 2)

p+qgq = gqg+p

(p+q) + r = p + (gqtr)

Ag = g) , (Aw)g = A(uq)
(A+nu)g = g *+ ug
and Ap+q) = Ap + Ag .

To examine quaternion multiplication, the vector ele-
ments of a quaternion must be examined. In a Cartesian
coordinate system, three mutually perpendicular axes exist:
X, ¥ and z. PFor a right-handed system, the positiwve direc-
tions are as shown in Figure 2. Rotation is defined as
positive when viewed from the origin (0) as a clockwise
rotation of the coordinate axis. Thus rotation from x to v
about z, y to 2z about %, and z to x about y are all positive
rotations. Counterclockwise rotation is defined as nega-

tive (Ref 7). 4
Jd

Y o)
]

Fig. 2. Cartesian Coordinate System

16



The vectors i, j and k are defined as unit vectors
oriented along the x, y and 2z axes, with each specifying a
direction along its respective axis and possessing a magni-
tude of one. The rotation of the axis can be defined by
the multiplication of two of the unit vectors, i.e. the
multiplication of i into j or ij is defined to be the turn-

ing of j by +90° in the plane normal to i (Ref 6). There-~

fore
ij = k
Similarly,
jk = i, ki = 3
and ji = -k , kj = -1, ik = -j .
Furthermore, since
ij = k
and ik = =3
then -5 = ik = i@dj) = i%j
or 1?3 = -
therefore i2 = =1.
Similarly j2 = k% = ijk = -1.

All the familiar algebraic rules of multiplication

except for the commutative law are valid for guaternions.

17



This relates to the fact that the order in forming the pro-

ducts of i, j and k determines positive and negative rota-

tions and, therefore, the order must be preserved (Ref 6).
From the previous discussion a guaternion product can

be defined (Ref 2).

qeTy ~ 91T = 9Ty ~ 93T53 + gy (ryi + ryj + rjk)
+ rolgl + gy + agk) + (g,ry - giry)i
+ (q3r1 = qlr3)j + (qlr2 = g,ry)k

= 9gTg T 91Ty T 9T ~ 93T3 * qplrpi + ryj + rik)
i 3 9k
* rglapl + qyl +azk) +1q; q; aqy -
Ty Ty T3

Now consider a vector V, which is a special case of a qua-

ternion whose scalar portion is zero
¥ = 0+ ai+bj +ck .

The quaternion product of two vectors Vv and V' would be

‘d.

vv = 0 - aa' =bb' - cc' +0(a'i + b'j + c'k)
i | k
+ 0{ai + bj + ck) +{a b c
a! b' c.!

18



or

i 3j k
Vv' = (aa' + bb' + ce")(-1) +|la b ¢ .
a' b' ¢

There exists a unit sphere with origin O and an orthagonal
coordinate system as shown in Figure 3. The vector v

is defined as oriented along i with vector V' located in the
i, j plane, both with origins at O and v forming an angle

0 with ¥. (8 < 90°)

Fig. 3. Unit Sphere

The vectors are now defined

v = ai
and ¥' = a'i +b'5 . a'=a .
By definition
1¥] = a, |F'] = [@a91? + b"21/2
Sing = b' _ b

[(a';? + (b")211/2

<t

19




a‘ = a‘
[(an)? + (b') 2132

Cosf =

s ¥ = |¥V]i and ¥' = |V'|cos6i + |V'[sin6j

A vector product can now be defined as

i o

w' = |¥|i [|V'|(icos® + jsin8)]

= |¥||¥'|(~ cos® + ksin6)

or
W' = - |V]|V'|cose + |V]|V'|ksin® .

Substituting
o= -a(\/<a')2+<b')2)cose+a(\/<a')2+<b')2)ksine
but

V@) 2+(")2 cose = a
and

Va)2+(")2 sine = b
SO

YW' = - aa' + ab'k .

Now consider the quaternion vector product

20
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i 3 k
V' = -(aa' + bb' + cc') + |a b c
aI bI cl
but
b = ¢ = ¢' = 0
g0
i 3 k
W' = - aa' + |a 0 0
a' b' o0
or
VW' = - aa' + ab'k (2)

which is the same as (l1). The product of two vectors can

be defined as a quaternion whose scalar part is
S(W') = = aa'

or equivalently -|¥||¥'[cos8, and vector part is
V(¥V¥') = ab'k

or equivalently |V||¥'|ksin®. These correspond with the
scalar and vector products as defined in the vector algebra
of J. Willard Gibbs (Ref 2). Gibbs defined the scalar or
dot product of two Vectors U and ¥ as

Q.V = |U|V]cose

and the vector or cross product as

WXV = |u]l|V]sinte
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where e is a unit vector perpendicular to U and ¥ and 0 is
the angle bhetween v and v. Thus a quaternion product may

be defined as
3q' = §Xxgq -3 -3 .

Properties of Quaternions

The conjugate of a quaternion is similar to the conju-

gate of a complex number (Ref 2). If

q = gy + q;i+ g, + g3k
then the conjugate of g or g*

q* = qp - Qi - q,3 ~ azk .

The product of a gquaternion q and its conjugate g* is

defined as the Norm of g ox N(q)

N(@) = qq* = (qy+qi+q,i+azk) (gy=q,;i-a,3-q;k)
2 2 2 2
=qo+q1+q2+q3
and further

g*q = qg* . (Ref 2)

The Norm of a quaternion is a scalar and N(gq) = 0 implies
that dyg = 9 =9y =gy = 0. If N(g) =1, g is called a unit
guaternion (Ref 2).

From the quaternion product of two vectors
i 3 k
¥V' = =-(aa' +bb' +cc') +ja b ¢ |,
a' b' ¢!
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the conjugate of the quaternion formed by the product is

i 3 x|
(VW')* = =(aa' +bb' +cc') =la b ¢
a' b' ¢!
or equivalently
i j k

(55')* = ¥'Y = =(aa' + bb' + ¢cc') + la' b' c¢c'} .

For any two quaternions
q = (gg+@ ,q = (gf+3a")
whose product is
aq' = (g, + P gy +T') = quq) + 9d" + q4d + 4q°

the conjugate of their product will be

(@@")* = qua) - 9" - q4T + (@) *

= g,y - 953" - 9@ + T'T

or

(@@")* = (g3 -3V (gy - D -

Therefore, the conjugate of the product of two gquaternions
is equal to the product of the individual conjugates taken

in reverse order (Ref 2).

(qg')* = (g")*(q)*
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From this property, the Norm of the product of twe qua-

ternions can be determined.
N(qq') = (ggq')(qq")*
= q(q') (q")*g*
= gN(gq')g*
Since N(g) is a scalar
gN(g')g* = qg*N(g') = N(g)N(q') .

If q is not the zero quaternion then N(g) # 0. Using

this fact the inverse of g can now be defined (Ref 6).

N(g) = qqg*

or

and

-1 _ q* - Ng) _
aq 9 7 N(Q) 1

It can also be shown that

-1 1
N(g ™) N -
Using the concept of the inverse of a quaternicn, the prop-

erty of division can now be addressed. For any three qua-

ternions p, g and r where
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gqr = p or rg = p

solutions for r may be obtained by multiplying both sides
of the equations by the inverse of g. In this way two solu-

tions are apparent

-1 -1 - -
qg gr = g p i rqgd l - pPqd 1

or

-1 -1
rl a p 7 r2 jele] .

where r; is called the right hand quotient of p by g and

r, is the left hand quotient of p by g. These solutions in
general are different and demonstrate again that order must
be preserved in quaternion multiplication (Ref 2).

Finally, from the Norm of g

N{q) = qqg*

2, 2, .2, 2
9 * 91 T 92 * a3

2 - 2
= qg + |qi
and the magnitude of g is defined

lal = m@1Y? = (g2 + o+ a2+ gh1/?

lal = taf + 191512 . (et 2)
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Product of a Quaternion and a Vector

To review, the quaternion product of two vectors 1 and

<}

e

W = UXV~-ud-V
and the product of two quaternions q and r
gr = (q0+§) (ro+'f') = 4y, + qof + ro-q' + &Xf - a-'r' .

The conjugate of q is

* = -a
q 45 - 4
and the Norm of g is
2 -2
N(@) = qa* = q, + |qi
where
5 . -
q = qyi+qy] +gzk
and
- 2 2 2,1/2
lal = (q]_ + q, + q3) .

The magnitude of the quaternion g is
1/2 2 = 2.1/2
lal = (N(q)) N - F I I-{ K R

For a vector X and a quaternion g, where

= 3 -1 = * o= qo-q
q 99 * a2+ @ ﬁ?ay N
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the quaternion product of q and X is

et -

qx = quX + (GxX) - (§-X)

=™ =

Xq = gux + (XXq) - (x°q) .

The right hand quotient of g+

q0§ - (3XX) + (%)
N(q)

or
qpR + (XX3) + (@)
N{q)

The left hand quotient of X and q-'1 is

o}
"
]

- -1 X(gy - Q)
Xq =
N(q)

qpX - (Xxg) + (%-Q
N{(q)

or

-1 q0§ + (§xX) + (X-3)
xq = .
N(q)

In general, the product of a vector and a quaternion yields
a quaternion whose scalar part is the dot product (X-g) and
whose vector part is the scalar of the quaternion times the
vector and the vector cross product (qo§ + (Exi)). However,
in the case where E and X are perpendicular (&-ﬁ = 0), and
the vector q0§ + Exﬁ is obtained. 1In this case both q0§

and gXxX are normal to each other and the resultant vector
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q0§ + gXX is normal to . Figure 4 shows the geometrical

relationships of Xg and § oriented into the page (Ref 5).

‘r—————-—b———-——-w-—_ ———————— xq

Y

BIREA
G e
: — =
quxl

Fig. 4. Vector Times Quaternion

It can be seen that

[ PR Y -
cane = xllal - lal

CMES %o
also
1%l = [URIIED2 + qylz211/2
= [FI21312 + EIx1BY2
= 11%]%q + 13112
= []%|2|ql21}/?
Ixa] = I%lla] .

Pigure 4 shows that a is a negative rotation around E, and
in summary multiplying a vector X on the right by a quatern=~
ion g (where § is the vector part of gq) rotates the vector X
negatively by an anagle tan_l(¥§l) and changes its lenath by

0
a |q| factor (Ref §j.
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Now consider the right hand quotient of g - and X,

qoX + (Xx3) + (§-%)
N(q)

q 1R

. - - .
Since X and g ar= perpendicular,

] ]
I
o

g-

and the results are similar to the previous iq except the

magnitude is reduced.
- =1.241/2
s - (B8 - () T
la x| |\ N (g TA\N@

- (6T
- zHal

o~

Since |g] = (N(q)) 1/2 then
2
N(g) = |q]
Therefore,
-1 E3
|al
and
-
1] 13l 2113)
x -
tana = —ELSL- = ___:E_ = Lﬂl
q, 1%l q, x| o
N(qg)
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a L) L3 é a L] L3
Because x is perpendicular to ¢, xq is alsc perpendicular

to § and if q"l is applied to Xq to form a vector ¥
¥ = alGa
$ = g% .

The vector ?’is rotated from X negatively by an angle of
€ = 2a. Now consider a special case where the vector X lies

along § and has a magnitude of A|g|. Then
X = AQ

where A is a real number. If the same operation is carried

out
¥ = a%q = qrodg

q MG - g la

¥y
-1 -1
= Alg "g - q "q4lq

1

= Al - qoq' 1q

M - qqq tal

Alg - qq]

= Aq x .

So, a vector that lies along E and operated upon by q-l§q is

not changed in magnitude or direction (Ref 5).
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Finally, consider a general vector ¥ and a quaternion

qQ=gq,t+ g. The vector X can be resolved into components

(Ref 5)
X = X, + X,

along g and perpendicular to g such that

<~ e
% ~ 2 9
|q|

where

and

where

b

[
it

|X] perpendicular to § .

i

ik
- g
(¥

Qv

X1
Fig. 5. Components of X

The dot product of 7 and X (oxiented as im Figure 5)

with the angle B between them is
3

3-x = |3||X|cosB
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or

- -
COsSB = —:9%§— .
|q] |%]

The cross product of § and X is

or
Therefocre,

EX
or
and

-

Ile

or

q

XX = |g||X]|sinB

Now a vector § exists such that

7

1g] %]
I§]cosB =3 |§l -é%—-
lal x|
|§1I = giﬁ
|g]
l§|sin6 = IX[ -é)i}i—
lal x|
’3:2' = ii—x
|q|
a"13q
—l -ln -
g (xl + x2)q
a4 X G+t g %9
Y -] - -
xl + q xzq = Yl + Yz
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where
= <P
Yy = % along g

and

-

Yo, = q-l§2q perpendicular to g .

<
The vector Yo is normal to E and is a negative rotation

about & through an angle

B = 2 tan—l lﬂl
9

When E is oriented along the Cartesian x-axis, the rotation
from §2 to ?2 is a negative rotation, but this negative space
rotation is equivaleant to a positive rotation of the coordi-

nate system, with q‘lﬁq representing a positive rotation

1

of coordinates and gXg - a negative rotation (Ref 5).

~

Tilt and Roll Quaternions

To utilize quaternions in computer programs rotating
coordinate systems in three dimensions, they must be fac-
tored into a convenient format (Ref 1). This format factors
the quaternion into two guaternions which divide the rota-
tion into two successive transformations, tilt and roll.
Because cf this, the factored guaterniomns are called the
tilt quaternion and the roll guatarnion {Ref 5).

A quaternion g = d, + qli + qzj + q3k can be written
as q = q4 + qli + k(q3 + iqz), where k(q3 + iqz) = jq2 + kq,.

For any complex number a + bi,
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or k times a

k (Ref 1).

where

Q1

The conjugate

q* =

N(g)

Similarly, a

into
-l
X
or
-
X
For any

be written

qr =

k(a + bi)

(a - bi)k ,

complex number is equal to its conjugate times

Now g can be written i

qa = Q01 + kQ32

= q, + 1q, and Q32 = g5+ iq2 .
and Norm can be written:

Qg1 = kQ35 + where Q5 = gy - iqy

2 2 _ 2 2 2 2
|Q01| + 1Q321 = qo + ql + q2 + q3

- . .
vector X = 1x, + JX

1 + kx3, may be factored

2

1xl + kZ where 2Z x3 + ix2

[z 4 o - «
(x1 + k2)i where 2 . ixy .

two quaternions g and r, their product may now

(Qgy *+ kQ35) (Ryy + kR35)

Qp1Rg1 * QgikR3; + kQ35Rpq + kQ35kR5,
oy 2—

Qp1Rg1 + kQgR35 + KQ35Rg; + KTQ35R5,

(Qp3Rp1 = Q32R3p) + k(QgyR3; + Q3,Rp,)
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Consider a quaternion g = QOl + kQ32 with 9 # 0. The

quaternion can be factored in two parts

Q
32
qa = (1 +k =)0

Tyy 01
oY)
= (1 + kT)QOl = tr where T = 5
01

or T = t3 + itz .

The tilt quaternion t is therefore
t = 1+ kT

and the roll quaternion is
r = Qo = 9 *iqy -

Tilt

The vector portion of the tilt quaternion kT is located
in the plane normal to the x-axis. It transforms the x-axis
by t-lit a new axis x' representing a tilt from x results

(Figure 6). 7
i )

ot

v

-

)

Kb

Fig. 6. Tilt
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Cond =i
The vector t remains normal to X and X' and represents the
axis of rotation of X to X' through an angle 6. The tangent
of 8 being
tang- = el o lt] = |T| = (t§+t§)l/2 .
The y and z axis are also tilted to y' and 2z' axis but this

is not shown in Figure 6 (Ref 5).

Roll
The roll quaternion r has the form r = (1 + irl). The

inverse is

Pl S S
N(r) rr*
So for a given vector X = (xl + k2)i and an X' = (xi + k2')i
-, = - Iy 1 = 1 - . ]
where 2 Xy ix, and 2 x5 ix3,

1 -1l

X' = r “Xr . (Ref 5)

r represents a roll about the x—-axis through an angle ¢.

This is accomplished by

1 1yd = -1 3
(x1 + k2')i r (xl + kZ)ir
or
. I, .
(xi + k2')i = (xl + k2 rzl
Thus
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and

g' = g £ = g EEX A "%ET Z ~£i5 .
r¥* rr ¥ A I r|

The angle ¢ is defined by

<>
¢ r >
tan 3 = T = |r| = ry . (Ref 5)
Therefore
- . o4
r = 1+ i tan 3
|r|2 = rr* = 1 + tan? %
2 = Q+itmHA+itamd
_ 2,0 . o}
= 1 tan (5) + i 2 tan 5
and
r2
— = cosd + i sind .
| ]
For a positive roll
Z2' = Z(cost + i sin¢)
or
xé % ixé = (x2 + ix3)(cos¢ + i sin¢)
and
xé = xzcos¢ - x3sin¢
xé = xzsin¢ + x3cos¢ .
Therefore Z2' = Zel¢ . (Ref 5)
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Appendix B

Convenient Computer Coding Relations

Complex Factoring

The tilt guaternion t represents a transfer of coordi-
nates from an unprimed system to a primed system (Ref 5).

A general vector X defined:

X = (x1 + kZ)1 with 2 = Xy = ix3
will become
X' = (x] + k2')i with 2' = =xj - ix} .

This is accomplished by:

' '1‘};

X' = t t
where
t = 1+KkT and T = ty + it2
By expanding
o= Lok 2 g o+

N(t)

(L - kT) 3

5 (1L + kT)
1+ |T|

Let

4 = —— (3)
1+ |T]
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then

X = % (L - k1) % (1 + k%)
= % (L - kT) (x, + k2)i (1 + kT)
= % (1 - kT) () + k2) (1 - kD)4
Expanding
e - @4 - - - i
(xi + kZ9)i = 2 {(xl + k% kal kTkZ) (1 - kT)i]
= 4 - - - -
= 3 [xl xlkT + kZ kZkT kal + kalkT
kTkZ + %TkZkT]i
= 4 [x, - kx,T + kZ + ZT - kTx, - x,TT + TZ - kTZE]i
2 1 1 1 1
_d = - = 2—. ..
= 3 [xl + Z7 - xlTT + TZ + k(2 - ZTxl - T°Z) 11
(! + k21 = S [x, - x,|T|% + ZT + Tz + k(2 - 2Tx
1 2 1 1 1
- Tzz)]i
' 8 - 9_ - 2 1 m é -
x; + k2 5 1% xl]Tl + ZT + Tz] + 3 k(2 2Tx,
- 127] .
Therefore
a 2., = =
x; = 3 [x,(1 - IT]“)+ ZT + Tz]
and
AR % [z - 2Tx, - 7] . (Ref 5) (4)
Let
b = x, + x]



then

- d - 2 = =
b = x; +3 [x,(1 |T|€) + 2T + Tz]
but
ZT = (x2 + ix3)(t3 + itz) = x2t3 - x3t2 + j_(xzt2 + x3t3)
and
TZ = (t3 - itz)(x2 - ix3) = x2t3 - x3t2 - i(x3t3 + xztz) <
So
ZT + T2 =<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>